ON THE CONNECTED COMPONENTS OF MODULI SPACES 
OF FINITE FLAT MODELS 
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Abstract. We prove that the non-ordinary component is connected in the 
moduU spaces of finite flat models of two-dimensional local Galois representa- 
tions over finite fields. This was conjectured by Kisin. As an application to 
global Galois representations, we prove a theorem on the modularity compar- 
ing a deformation ring and a Hecke ring. 

Introduction 

Let if be a p-adic field for p > 2, and let Vf be a two-dimensional continuous 
representation of the absolute Galois group Gk over a finite field F of characteristic 
p. The projective scheme GTi-Vw o over F is the moduli of finite flat models of Vr 
with some determinant condition. From the viewpoint of the application to the 
modularity problem, we are interested in the connected components of GTZy^ Q. 
The ordinary component of GTi-Vr o determined in |Kisl , and Kisin conjectured 
that the non-ordinary component is connected. We prove this conjecture, and the 
main theorem is the following. 

Theorem. Let ¥' be a finite extension o/F. Suppose xi,X2 G QTZy^ q{¥') corre- 
spond to objects 2Jli,F', 07l2,F' o/ (Mod/6 )f' respectively. If dJli^f and dyi2.w' are 
both non-ordinary, then xi and X2 lie on the same connected component of QTZy g. 



When K is totally ramified over Qp, this was proved in [Kis| . If the residue field 
of K is bigger than Fp, the situation changes greatly because & F can be split 
into a direct product. When if is a general p-adic field, the case of Vw being the 
trivial representation was treated in [Geej . 

As an application to global Galois representations, we prove a theorem on the 
modularity, which states that a deformation ring is isomorphic to a Hecke ring up 
to p-power torsion kernel. This completes Kisin's theory for GL2. 

Acknowledgment. The author is grateful to his advisor Takeshi Saito for his 
careful reading of an earlier version of this paper and for his helpful comments. He 
would like to thank the referee for a careful reading of this paper and a number of 
suggestions for improvements. 

Notation. Throughout this paper, we use the following notation. Let p > 2 be a 
prime number, and fc be a finite extension of Fp of cardinality q = p". The Witt 
ring of k is denoted by W{k), and let Kq — W{k)[l/p]. Let if be a totally ramified 
extension of Kq of degree e, and Ok be the ring of integers of K. Let Ik be the 
inertia group of the absolute Galois group Gk, and Fr^ be the q-th power Frobenius 
of the absolute Galois group Gk- Let F be a finite field of characteristic p. The 
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formal power series ring of u over F is denoted by F[[w]], and its quotient field is 
denoted by F((it)). Let Vu be the valuation of F((u)) normalized by Vu{u) — 1. 

1. Preliminaries 

First of all, we recall some notation from |Kisj , and the interested reader should 
consult [Kis| for more detailed definitions. 

For each Qp-algebra embedding ijj : K ^ Kq, we put — 1 and set v = (w^)^. 
Let F be a finite Galois extension of Qp containing Kq, and F be the residue field 
of F. Let Vf be a continuous two-dimensional representation of Gk over F. We 
assume that Vw arises as the generic fiber of a finite flat group scheme over Ok ■ 

Let i? be a complete local Noetherian Oi^-algebra with residue field F, and fix 
^ G Dy^{R). We make the following assumption: 

The morphism ^ Dy_^ of groupoids over ^9\of formally smooth. 

Now we can construct 0y^ ^ : GTi-y^"^ — > Speci?'^. Let GTi-v^^ o t>e its fiber over the 
closed point of Spec K^. We assume Spec ^ 0, and this assumption assures that 
the action of Ik on det Vr is the reduction mod p of the cyclotomic character. 
The fundamental character of level m is given by 

uim ■ Ik -* k ; g ^ ,^ mod mo 

Here tt is a uniformizer of Ok, and ma— is the maximal ideal of Oj^. If K' /K is 
a finite unramified extension that contains the (p™ — l)-st roots of unity, then the 
same formula as above defines a character of Gk', which is again denoted by ojm- 
Note that this extension depends on the choice of the uniformizer tt. From now on, 
we fix a uniformizer tt. 

Lemma 1.1. IfVw is absolutely irreducible and Fq2 C F, then 
for a positive integer s such that {q + 1) \ s. 

Proof. Let Ip C Ik be the wild inertia group. Then V^^ ^ and V^^ is Gx-stable, 
so T^^^ — Vf. As the action of Ik on Vw factors through the tame inertia group, 
we get Vr\ij^ ^ uj^_^ ®'^m2 some non-negative integers si, S2 and some positive 
integers mi, m2. Now we fix a lifting Fr^ e Gk of the q-th Frobenius Fr^. For 
every a ^ Ik and every positive integer to, we have w„ (Fr^ofTo (Fr^)^^) = a;,„((T)'. 

Changing the above basis by the action of (Fr,)"^, we obtain VjfI/k- ^ ^ml ®^rnl- 
If = = Wmj. So we may assume toi — n. As w„ is 

defined over Gk, we can consider the representation Vr (E) w^^^ of Gk- Then 
this representation is absolutely irreducible and factors through Gk- This is a 
contradiction. 

So we may assume w^^^ ^ ^m2- ^ irreducible representation, wf^^^ — 

uj!^^ and uj^^ = uj'^jf^ . Hence uj!^^ = lo"^^^ and we may assume toi = 2n. Thus we 
getVr\i^^uj2„(BujZ- 

If {q + l) I s, then Vrlij^ ~ '^n ® where s' = s/{q+ 1). This contradicts the 
absolutely irreducibility of by considering Vf <E cu^'^ . So we get (q + l) \ s. □ 
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Let S = Vl^(fc)[[u]], and Os be the p-adic completion of S[l/u]. Wc choose 
elements 7r„j G K such that ttq — t: and tt^^j^ — tt^ for m > 0, and put = 
Um>o-^(^™)- ^'■^^ -^^IF ^ ^^Oe,¥ be the 0-module that corresponds to the Gk^- 
representation V][r(— 1). Here (—1) denotes the inverse of the Tate twist. 

From now on, we assume Fg2 c F and fix an embedding k This assumption 

does not matter, because we may extend F to prove the main theorem. We consider 
the isomorphism 

Os F fc((u)) F ^ ]J F((m)) ; a,;u*) ®h^{^ G{a,)hu^ 

(TeGal(A;/Fp) 

and let t„ G k(^(u)) F be the primitive idempotent corresponding to a. Take 
(Ti, • • • , (7,1 G Gal(fc/Fp) such that (Ti+i = o 0^^. Here we regard as the p-th 
power Frobenius, and use the convention that CT„+i — Oi- In the following, we often 
use such conventions. Then we have 0(e(T; ) — fo-i+i , and </> : Afp — > Mf determines 
(/) : ecr^A^F ecTi+iAft- For (Ai)i<i<„ G GL2(F((w)))", we write 

AfF-- (Ai,A2,...,yl„) = {A,), 



if there is a basis {e^^jCj} of eo-jA/F over F((7i)) such that H = 

We use the same notation for any sublattice Tlr C A-Zf similarly. Here and in the 
following, we consider only sublattices that are & F-modules. 

Finally, for any sublattice 9JIf C A/f with a chosen basis {e\,e2}i<i<n and 

B = (i?i)i<i<„ G GL2 (F((u))) the module generated by the entries of (^Bi 

with the basis given by these entries is denoted by B-DJlr. Note that B-VJlr depends 
on the choice of the basis of OJIf- 

Lemma 1.2. Suppose Vw is absolutely irreducible. IfW is the quadratic extension 
o/F, then 




an 





for some Ui G (F')^ and a positive integer s such that {q + 1) \ s. 

Proof. Let K' be the quadratic unramified extension of if, and k' be the residue 
field of K'. Then 

for an unramified character A' : Gk' — > F^ and a positive integer s such that 
(q + 1) f s by applying Lemma ll.ll to Vf(— 1)*. By taking the quadratic extension 
F' of F, we can extend X' to \:Gk {¥' Y . We take a lifting Fr, G Gk^ of the 
q-th Frobenius Fr^. Now we fix a [q^ — l)-st root of tt, which is denoted by '^"^/tt. 
Then we put a = Frq( "'^^^/tt)/ "^^^/t: G O-j^, and let a be the reduction of a in k. 
We have a G F', because a* = 1. Considering Vr 'Sir F', we may assume F = F'. 
We put K'^ = K' ■ Koo. Then (Fr^)^ is in G^^. Now we have 

(Fr,)^(^^-^) _ (Fr,)^(^^-^) Fr,( ^'-^) ^ Fr,(5 -^-^) ~ _ 
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and W2n((Frq)^) = a''+^. Hence we can take vi,V2 £ Vif(— 1) so that 
and 

9{vi) = X{g)uj2n{9)vi, 9{v2) = \{g)w2^\g)v2 

for all g G Gk'^ ■ We take an element wx of (fc(g)Fp F) ^ so that giwx) = (l (S) X{g))w\ 
for all g G Gi^. By this condition, wx is determined up to (fc (g)Fp F)^. 

By the definition of the action of Gk^ on Os^r , we can choose an element U2n of 
Oe'i' /pOe'i' so that = ^^^^ Frg(u2„) = au2n- We consider the isomorphism 

/c'Of^F^ JJ F ; o0 6h^ (tT(o)6)^ 

CTeGal(fe'/Fp) 

and let eo € fc' F be the primitive idempotent corresponding to id^'. For 
< r < 2n — 1, we put = ^'"eo. Note that (a^ ig) l)er = (1 ® a)er for all a e fc'. 

We put 

ei = w^'^{{u2n ® l)(eot;i + enV2) + (wan + en+ii'2)+ 

^ (^^L " ® + e2n-lV2)}, 

62 = W;^n("2n^ <8) l)(enWl + eoV2) + {u^n ^ ® l)(e„+iWi + eiW2) + 

^ ("L ^ ® l)(e2„-iwi + e„_iW2)} 

in (Cfur/pO^ur) (g)Fp 1). Then ei and 62 are fixed by g G Gk'^ and Fr^. Hence 
ei, 62 are fixed by Gk^, and these are a basis of <byios,r over Os (g)Zp F. We put 
dx = wxl4'{wx)- As (?!)(wa) satisfies the condition determining wx, the element ax 

of (A; (g)Fp F)^ is in (fc F)^ . Now we have 

0(ei) = Q:A{(ei + e„+i) H h (e„_i + e2n-i)}ei + Q;A(eo + e„)e2, 

0(62) = aAM*(eo + e„)ei + aA{(ei + e„+i) H h (e„_i + e2„_i)}e2. 

If we put 

C7l = (/>, (72 = id/s, (73 = . . . , (7„ = 0^, 

then we have 

e<7i = £71-1 + e2n-ij £0-2 = £0 + £«)••• ) e(7„ = £71-2 + £2^-2 

and 

n "A /^"2 \ /a„ 

Here is the ai+i-th component of ax in Ilo-eGa^/c/Fp) '-' 

2. Main theorem 

Lemma 2.1. //F' zs a finite extension of¥, the elements of G'R-Vp.oi^') naturally 
correspond to free k{[u]] ig)Fp V -submodules STIf' C Mf ®f F' of rank 2 iAa< satisfy 
the following: 

(1) 9JIf' is (jj-stahle. 
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(2) For some (so any) choice of k[[u\\ ¥' -basis for VJlv , and for each a G 
Gal(/c/Fp), the map 

has determinant au^ for some a S F'[[u]]^ . 
Proof. This is jGeel Lemma 2.2]. □ 

Lemma 2.2. Suppose xi,X2 G ^^^v'j.,o(^) correspond to objects OJTif, 97t2,F of 
(Mod/S)F respectively. Let N = (A'i)i<i<„ be a nilpotent element o/ M2 (F((u)))" 
such thatdy\.2,¥ — (l + ^)'9^i,F, and A — (Ai)i<i<„ be an element of GL2{V{{u)))^ 
such that 9Jli_F ~ A. If (j){Ni)AiNi^i G M2(F[[u]]) for all i, then there is a mor- 
phism — > GTi-Vp sending to xi and 1 to X2. 

Proof This is jGeel Lemma 2.4]. □ 

Lemma 2.3. Suppose n > 2. Let 9JIf be the object of (Mod/6)F corresponding 
to a point x G GTi-Vf, o{¥)- Fix a basis of DJlw over k[[u]] IF- Consider J/''^ = 

(C/f )i<j<n e GL2{¥{{u))y such that C/f = (^JJ and uf - (^J /or 

all j 7^ i. If U^^^ ■ 9JIf *s (f>-stable, it corresponds to a point x' G GH-v^ o^); '^^'^ 2;' 
lies on the same connected component of Q'R'Vj,^ as x. 

Proof. First, J/^'^ • 9JIf corresponds to a point x' G QTi-Vw o(^)' because it satisfies 
the conditions of Lemma 12.11 

Next, we consider N^"^ = (^i'^)i<j<n e M2(F((m)))" such that 

1 -u\ , _ 



Nl'> ^ and N^/> = for all j ^ i. 

Then [/(*) • OTf = (1 + iV^'^) • 9JIf, because f"^' °1 = f oM f ^1 "n"*^ 

\^yi uj 1 2uJ \u 

So we can apply Lemma 12.21 □ 



Theorem 2.4. Lei F' 6e a finite extension of ¥ . Suppose xi,X2 G GT^Vr o(^') 
correspond to objects dJli^r' ,'^2,¥' 0/ (Mod/S)F' respectively. IfdJli^f and dyi2.¥> 
are both non-ordinary, then xi and X2 lie on the same connected component of 

Proof. When n = 1, this was proved in [Kisj . If e < p — 1, then GTi-^ n{¥') is 
one point by |Ray[ Theorem 3.3.3]. So we may assume n > 2 and e > p — 1. 
Furthermore, replacing 1^ by F', we may assume F = F'. 

Suppose first that Vr is reducible. We can choose a basis so that QJIi.f ^ A ~ 

{Ai)i<i<n G M2(F[[w]])" where Ai = for ai,bi,Ci G ¥[[u]], because Mr is 

reducible and OJIi.f is 0-stable. By the Iwasawa decomposition and the determinant 
conditions, we can take B = (i?i)i<i<„ G 0X2 (")))" such that 37l2,F = B ■ 971i,f 

and B, = r for G Z and G ¥{{u)). Then 9Jl2,F - 
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and we have 



ti-^'+i 



QitP^'-^'+i 

In the last matrix, every component is integral because 3Jt2.F is 0-stable. 

First of all, we want to reduce the problem to the case where = for all i. 
When e = p — 1, we have < Vu{ci) < p — 1 and < Vu{ci) +psi — Si+i < p — 1 for 
all i by the determinant conditions. From the second set of inequalities, we obtaine 

n-1 

< ^{u„(Ci_i_j) +pSi-i-j - Si-j}p' < - 1, 
j=0 

and we have 

n— 1 n— 1 

'^{vu{Ct-l-j) +ps.i-i-j - Si-j}p^ = (p" - l)si + ^ Vu{Ci-i-.j)p' . 

Combining these with < Vu{ci) < p ~ 1, we get — 1 < Si < 1. If Si = 1 for 
some i, the second sign of the above inequality must be the equality sign. So we 
get Vu{cj) = for all j. This contradicts the non-ordinarity of 97ti_F- If = — 1 
for some i, the first sign of the above inequality must be the equality sign. So we 
get w«(cj) + psj — Sj_|_i — for all j. This contradicts the non-ordinarity of 3Jl2,F- 
Hence, we have = for all i. So we may assume e > p. 

We consider U^''^ as in Lemma [^31 If Si > and C/^*^ • is 0-stable, we may 
replace 9J12,f with ?7^*^ •5H2,f by Lemma [^751 This replacement changes Si into s; — 1 
and Vi into uvi. If s; < 0, switching VJli,w with 9J12,f so that we have Si > 0, we 
consider the same replacement as above. Note that these replacements decrease \si\ 
by 1. We prove that we can continue these replacements until we get to the case 
where Si — for all i. Suppose that we cannot continue the replacements and there 
is some nonzero Si. Take an index io such that \si„\ is the greatest. By switching 
9JliF with ajt2F, 

we may assume > 0. As we cannot continue the replacements, 
we cannot decrease Si„ keeping the (/(-stability, that is, 

Vuic^a) +psi„ - Si„+i <p~l or Wu(aio-i) - psi^^i + Si„ = 0. 

'i-ivu{cio)+pSio-Sio+i < wehave = l,Vu{ci„) = and s,(j,+i = 1, because 
Vu{ci„) + {p-l)si„ + (sio - Sio+i) < P - 1- Now we have u„(aij -psi^ -I- s^o+i > 1. 
because e > p and fu(cio) + psi^ — Si^^i < p — 1. As s^o+i cannot be decreased, 
Vu{cio+i) + psig+i — Sig+2 < P — 1. The same argument shows that Vu{ci) — and 
Si = 1 for all i. This contradicts the non-ordinarity of OJIi,f. 

livu{ai^-i)-psig-i+Sig =0, thensio_i > and u„(cio_i)-t-psio_i-SiQ = e > p. 
As Sig-i cannot be decreased, Vu{aig^2) ~ psi„^2 + Sio-i = 0- The same argument 
shows that Wu(ai) — pSi + Si+i — for all i. So we have that dJl2^w is an extension 
of a multiplicative module by an etale module. We show that such an extension 

splits. Now we have Srn2,F ^ I ( e% ) I for a-,c', £ F[[u]]^ and b'^ e ¥[[u] 



Then 
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for v[ e IF[M]. It suffices to show that there is (fOi<i<n ^ such that 

I = b'i + u'^c[(l){v'^) for aU i, and we can solve the system of equations by finding 



v[ successively in ascending order of their degrees. Hence we have that 9712. f is 
ordinary, and this is a contradiction. 

Thus we may assume Si = for all i. Consider N — {Ni)i<i<n G Af2(F((u))) 

such that N, = for v, e ¥{{u)). Then we have Ms^f = (1 + A^) • Mi^f and 

4>{N.i) (^^ ^1 Ni^i = 0. Hence xi and X2 lie on the same connected component 

by Lemma 12.21 This completes the proof in the case where Vr is reducible. 

From now on, we consider the case where Vr is irreducible. If Vf is reducible 
after extending the base field F, we can reduce this case to the reducible case. So 
we may assume Vw is absolutely irreducible. Extending the field F, we have 

for some ai E ¥^ and a positive integer s by Lemma 11.21 This basis gives a 
sublattice Tlr- By the Iwasawa decomposition, we can take s^,i'; £ Z and v'^ E 





F((u)) sothat ani,F = I ( r, ) I •^i'- Changing the basis by 

we get 





Here we have < ti, < s^, < e for 2 < i < n, and Si + ti = e for all i by the 
0-stability and the determinant conditions of 9Jti,F- 

We are going to change the basis so that we have moreover ti < e. Changing the 

u 



basis of the i-th component by _i j , we get the following transformations: 

Ti -.ti U - p, U-i ^ ij-i + 1 for i ^ 2, 
T2 : t2 t2 — p, ti ti — 1. 

If ti > e, we put 

m = max{ l<i<n\ti^e}, 

and carry out Ti when m = n, and Tm+i, Tm+2, Ti when m ^ n. Then 

Q < Si,ti < e for 2 < i < n, and ti decrease by p when m ^ 1, by p + 1 when 
m — 1. Repeat this until we get to the situation where ti < e. If e > p, we get to 
the situation where < si, ti < e. If e = p — 1 and we do not get to the situation 
where < si, ti < p — 1, then we have 



Mf ai 





uP 



In this case, changing the basis by I , we get 





Mf ~ I ai ( Jp ) , "2 ( J J A,..., anil J^i 
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This contradicts that Afp is irreducible. Hence we obtain a basis such that 

for some Si and ti satisfying Si + ti^e and < s^, < e for aU i. Let SJIq.f be the 
sublattice of Mf determined by this basis. Note that OJIq.f satisfies the conditions 
of Lemma [2.11 and let xq be the point of GTi-Vpfi corresponding to 9JIo,f- 

We prove that we can change (ii)i<i<n furthermore by T^'s or T~^^s keeping 
< ti < e for all i, and get to the situation where |si — ti| < p + 1 for all i. By 
Lemma [^31 these changes do not affect which of the connected components xq lies 
on. If e < p + 1, this is satisfied automatically. So we may assume e > p + 2. 
We prove that if there is an index j such that |sj — ij| > p + 2, then there is an 
index jo such that |sjf, — tj„ \ > p + 2 and we can change tjg by Tj^^ or so that 
\sj„ — tj„ \ decreases keeping < < e for all i. We put hi = (— l)l('~^)/"l(si U) 
for i G Z. By assumption, there is an integer Jq such that 1 < jo < 2n, hj^ > p + 2 
and hjg-i < e. If 2 < jo < n + 1, we can change tj^ by T~^, otherwise by Tj^, 
so that \sjg — tjg \ decreases keeping < < e for all i. Thus we have proved the 
claim. Hence if |sj — tj| > p + 2 for an index j, we can carry out Tj^ or Tj^^ for an 
index jo as above and this operation decreases X]r=i 1'^* ~ least 2. So after 

finitely many operations, we get to the situation where |sj — ij| < P + 1 for all i. 

Hence we may assume that st and U satisfy Si + ti — e, < Si,ti < e and 
|si — < P + 1 for all i. We are going to prove that a;o and xi lie on the same 
connected component. We can prove that xq and X2 lie on the same connected 
component by the same argument. 

By the Iwasawa decomposition and the determinant conditions, we can take 

B = {Bi)i<i<n e GL2(F((u)))" such that 9Jti,F = B ■ Mq^w and Bi = 
for G Z and Vi G F((u)). Then we put = Vu{vi). Now we have 

'^^^^^ 1^ U*' j " yt,+pa.-a.+ i J 

for 2 < i < n. On the right-hand sides, every component of the matrices is integral 
because dJli^r is 0-stable. 

First, we consider the case ti + pai + 02 > e. In this case, 

{pri +ti+ 02) + (r2 + ti +pai) = e, si - pai - a2 ^ pri + r2 + ti < 

by the 0-stability and the determinant conditions of 2JIi_f- We have ai > ri, 
because ti + pai + 02 > e > pri + <i + a2. Similarly, we have 02 > r2, because 
ti + pai + 02 > e > r2 + ti + pai . 

We consider the following operations: 

a.i Oj — 1, Vi ~~> uvi, if it preserves the (/)-stability of -B • 371o,f. 

These operations replace xi by a point that lies on the same connected component 
as xi by Lemma 12.31 We prove that we can continue these operations until we get 
to the situation where ti +pai + 02 < e. In other words, we reduce the problem to 
the case ti + pai + 02 < e. If we can continue the operations endlessly, we get to 
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the situation where ti +pai + a2 < e, because the conditions Si — pui + Ci+i > for 
2 < i < n exclude that both ai and a2 remain bounded below. Suppose we cannot 
continue the operations. This is equivalent to the following condition: 

Sn — pan + Oi = or r2 + ti + pai < p — 1, 
pri + + a2 = or ^2 + pa2 as < P — 1, 
Si-i — pai-i + a, = or + pat — a^+i < p — 1 for each 3 < i < n. 

If e > p, there are only the following two cases, because (pri +ti+ 02) + {r2 + ii + 
pai) = e and (sj — pui + a,+i) + {ti + pai — a^+i) = e for 2 < i < n. 

Case 1 : pri + ti + 02 = 0, Si — pai + Oj+i = for 2 < i < n. 

Case 2 ; r2 + ti + pa,i < p — 1, + pai — Oj+i < p — 1 for 2 < « < n. 

If e = p — 1, clearly it is in Case 2. 

In the Casel. Suppose that there is an index i such that 2 < i < n and 

pri + ti — fli+i Tj+i + ,s,; — pai. Then both sides are non-ncgativc, because 
Vu{(p{vi)u*'~'^'+^ — Ui+iM^'^P"') > 0. Comparing n+i + Si —pai > with Si —pai + 
tti+i = 0, we get Ti+i > tti+i. Then pn+i + ti+i - ai+2 > poi+i + ii+i - ai+2 > 0, 
and ri+2 + Si+i - paj+i > because Vu{cj){vi+i)u*-'+^~°-'+'^ - ^,+2"**+'"^"'+') > 0. 
Comparing ri+2 + Si+i -pa^+l > with Sj+i -poj+i + aj+2 = 0, we get rj+2 > ai+2- 
The same argument goes on and shows ri > ai. This is a contradiction. Thus 
pri + ti — Oj+i = r,+i + Si— pat for all 2 < i < n. Now we change the basis of 
















j 


,«2( 


W*2 j ' ■ 






by n ■ Then we have 




1 \ /I 

and this contradicts that Mjr is irreducible. 

In the Case 2. Suppose that there is an index i such that 2 < i < n and 

pri + ti — fli+i ^ fj+i + Si — pa^. Then both sides are non-ncgativc, because 
Vu{(p{vi)u*'~'^'+^ — Uj+iW**"^"') > 0. Comparing pri +ti — Oj+i > with ti +pai — 
di+i < p — 1, we get ri > ai. Then r, + Sj_i — pa,_i > Sj_i — pa,_i + Oj > 0, and 
pri_i — Oi > because Vu{(f>{vi-i)u*'-'^~°'' — UiM*'-'^"^"'-'^) > 0. Comparing 

pri-i + ti-i — > with ti-i +pai-i — ai < p — 1, we get rj_i > Oj-i. The same 
argument goes on and shows that r2 > 02- This is a contradiction. 
The above argument shows that 

ri < ai, pr^ +ti - aj+i = n+i + Sj - pa^ < for 2 < i < n. 

Combining these equations with si — pai — 02 = pri + r2 + ti, we get 

- (p" + l)ri = (p" + l)ai + (s„ - in) + p(s„_i - t„_i) + 

• • -+^"-'(53 - +P"-2(S2 - i2) -P"-'(S1 - il), 

- (p" + l)r2 = (p" + l)a2 - (si - ti) - p(s„ - tn)- 

p^-^{si - t4) - p^'-^sa - is) - P"-Hs2 - t2), 
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(p" + 1)^3 = (p" + l)a3 + (S2 - t2) - p{si - hy 



- (p" + l)r„ = (p" + l)a„ + (.s„_i - t„-i) +p(s„-2 - in-2) + 

As |si — til < p+1 and 

{p+l)+pip+l) + ---+ p--\p + 1) - (tit) + 1) < 2(P" + 1). 
we get —ai — 1 < < — + 1. When e=p— 1, as |si — ii| <p— 1 and 

(p-l)+p(p-l) + ...+p"-i(p-l)= (^^^^(p-l)< + 

we get n = -a;. 

As r2 + ti + pai < p — 1, we have 

pai < ti + pai < p - 1 - r2 < p + 02 ■ 

For 2 < z < 71, as ti + pa^ — at+i < P ~ 1, we have 

pcj <U+pai < p - 1 + ai+i . 

Take an index io such that ai„ is the greatest. As puig < aig+i + p < a.i^ + p, we 
get flif, < < 2. Combining — — 1 < and ri < ai, we get a.; > 0. Hence 

ai = 0, = -1, or = 1, -2 < < 

for every i. 

In the case a2 = 0, we have r2 = —1. Comparing ii + pai + 02 > e with 
''2 + ^1 + pai < P ^ I7 we get e < p. When e = p — 1, we have r2 — —02. This is a 
contradiction. 

In the case a2 = 1. As < + pai — Oi+i < p — 1 for 2 < z < 71, we have = 1 
for all i and ti = for 2 < i < n. As r2 + pai + ti < p — 1, we have r2 < —1. As 
pr2 + ^2 ~ 03 = ^3 + ^2 — pa2i we have r3 = pr2 + p — 1 — e < — e — 1 < —3. This is 
a contradiction. 

Thus we may assume ti +pai + 02 < e. We put dJlaj ~ f ( " q ' ' ' 



then 



ySl— pai-a2\ /yS2— pa2+a3 q 

Q yt2+pa2-a3 I J 



and OJli^F ^ I^^Q ' "'^'^^^ ih^at dJlsj satisfies the conditions of 

Lemma [2.1[ and let X3 be the point of GTi-Vwfi corresponding to Tts^r. If we put 
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<^(^l) (^„U+pa,+a. ) '^[O 

/„.Si-pai+ai + i n \ 

for 2 < i < n. Here we have Vu{4>{vi)v2U^'^'^ > 0, because si — pai — 02 > 
and i;„ (u^^^P"^^"^ — (/'(f i)f2'u*^) > 0. Hence xi and 0:3 lie on the same connected 
component by Lemma 12.21 

We are going to compare 9JIo,f and dJl^^f. Recall the previous operations on the 
basis of 9Jlo,F that changed (ti)i<i<„ so that \si — ti\ < p + 1 keeping < < e 
for all i. Apply the same operations to the basis of QJts^F- By Lemma [2.31 these 
operations do not affect which of the connected components X3 lies on. So we may 
assume that 

si - pai - 02, S2 - pa2 + 03, . . . , s„ - pa„ + ai 
are aU in [{e - p - l)/2, (e + p+ l)/2]. As (e - p - l)/2 < s; < (e + p+ l)/2, we 
have that 

|pai + 02! < p+ 1, |pa2 - 03! < p+ 1, . . . , \pan - ai\ < p + 1. 

Summing up the above inequalities after multiplying some p-powers so that we can 
eliminate aj for j ^ i, we get + l)ai\ < {(p" — l)/{p — + 1). So we have 

joil < 1 for all i. 

In the case e > p. We consider the operations that decrease \ai\ by 1 for an 
index i keeping the condition of (/)-stability. By Lemma 12. 3| these operations do 
not affect which of the connected components 0:3 lies on. We prove that we can 
continue the operations until we have at = for all i, that is, xq and X3 lie on the 
same connected component. Suppose that we cannot continue the operations and 
there is some nonzero Oj. The condition of ^-stability is equivalent to 

Ci : < Si — pai — 02 < e, C2 : < S2 — pa2 + 03 < e, 

. . . , C„ : < s„ - pan + ai < e. 

Note that if a.^ 7^ or Uij^i 7^ 0, we can decrease \ai\ or |ai+i| keeping 
We put 

Cj = U{i<j<i + l I we can decrease \aj\ keeping C^}, 

and claim that ]jf{j \ aj 0} = X]"=i First, if Ui ^ 0, we have Ci_i > 1 and q > 1 
from the above remark. So we have tt{j | aj ^ 0} < X]r=i Second, we count 
a.i ^ in not both of Ci_i and Ci, because we cannot continue the operations. So 
we have | aj 7^ 0} > X]"=i ^i- Hence we have equality. From this equality, we 
have flj 7^ and Cj = 1 for all i. For 2 < i < n, we have = Oi+i 7^ because 
Ci = 1. So we have ai — a2 ^ Q, but this contradicts Ci = 1. 

In the case e = p—\. We have |pai +02] <p—l by Ci, and |pai — a^+i | < p— 1 by 
Ci for 2 < i < n. Summing up these inequalities after multiplying some p-powers 
so that we can eliminate aj for j 7^ i, we get + l)ai\ < p" — 1. So we have 
ai = for all i. 

Hence xo and 0:3 lie on the same connected component. This completes the 
proof. □ 
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3. Application 



As an application of Theorem 1 2. 4) we can improve a theorem in [Kisj comparing 
a deformation ring and a Hecke ring. We recaU some notation from jKis| . and the 
interested reader should consult [Kis| for more detailed definitions. 

Let F be a totally real field, and D he a totally definite quaternion algebra with 
center F. Let S be the set of finite primes where D is ramified. We assume that S 
does not contain any primes dividing p. We put Sp — SU {p}p|p, and fix a maximal 
order Od of D. Let U = YlyUy C {D Ap)^ be a compact open subgroup 
contained in YI^{Od)v , and we assume that Uy — {Od)v for all w G Sp. Let O be 
the ring of integers of a p-adic field. We fix a continuous character tp : (A;^) ^ /F^ 

such that V' is trivial on UyllOp for any finite place v of F. Let 5* be a finite set 
of primes containing the infinite primes, Sp, and the finite primes v oi F such that 
Uv C is not maximal compact. We fix a decomposition group Gp^, C Gf,s for 
each V e S. Let %^oiU) (resp. T^,o(C/)) denote the image of T^"^^ (resp. T^^'o) 
in the endomorphism ring of S2,^{U,0). Let m be a maximal ideal of T^^o{U) 
that induces a non-Eisenstein maximal ideal of T^^'oi and put m' = m n T'^, o{U). 
Then there exists a continuous representation pm' ■ Gf,s ~^ GL2{T'^ ci(^)'"') such 
that the characteristic polynomial of /9m'(Frob„) is — T^X + N(t;)5'i, for v ^ S. 
Here N(t!) denotes the order of the residue field at v. Let F be the residue field 
of T^Q(f/)m'. Let pm' '■ Gf,s ^ GL2{¥) denote the representation obtained by 
reducing pm> modulo m'. 

Now we suppose that pm' satisfies the following conditions. 

(1) pm' is unramified outside the primes of F dividing p. 

(2) The restriction of pm' to Gpifj,) is absolutely irreducible. 

(3) If p = 5, and pm' has projective image isomorphic to PGL2(]I^5), then the 
kernel of projpm' does not fix i^(C5)- 

(4) For each finite prime w g 5 \ Sp, we have 

(l-N(«))((l + N(«))'detpn,,(Frob„)- (N(z;))(trp,^,(Frob,))') e F\ 

Let Rp.s (resp. R^g) be the universal deformation O-algebra (resp. the universal 
framed deformation O-algebra) of pm', and put T'-' = i?^ g '^Rf,s T^,o(J7)nt. We 
take a subset a' of the set of primes of F dividing p, and an unramified character xp 
of Gpp for each p £ cr' , such that m is (T-ordinary when we put a — (cr', {Xplpeo-')- 
Now we can define a deformation ring Rp^ and a map as in (3.4) of 

(Kisl. 



ts an 



Theorem 3.1. With the above notation and the assumptions, -Rp^ — > T'-' 
isomorphism up to p-power torsion kernel. 

Proof. Applying the Theorem l2.4[ the proof goes on as in the proof of [Kisl Theorem 
3.4.11]. □ 
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